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The Derivative of a Function of a Surface. 

By Chables A. Fischer. 



Introduction. 



In a paper published in the Atti della R. Academia del Lincei,i Volterra 
has defined the derivative of a function of a curve, and has proved that if the 
derivative is continuous and approached uniformly, the first variation of the 
function is equal to the integral of the product of this derivative and the first 
va,riation of the dependent variable y, taken between limits equal to the values 
of the independent variable x at the end-points of the given curve. In a paper 
entitled "A Greneralization of Volterra's Derivative of a Function of a Curve," | 
I have modified the definition of this derivative to make it applicable to a re- 
stricted set of curves defined by means of some ordinary differential equations, 
and applied some resulting theorems to the Lagrange problem of the calculus 
of variations. 

In the present paper I have given a definition of the derivative of a func- 
tion of a surface analogous to Volterra's derivative of a function of a curve, 
and have proved substantially that if the derivative is continuous and ap- 
proached uniformly witji any finite order, then the first variation of the given 
function is equal to the double integral of the product of the derivative of the 
function and the first variation of the dependent variable z, the integration 
taking place over the projection of the given surface on the x, tz-plane. I 
have also generalized this definition and theorem to make them applicable to a 
restricted set of surfaces, in a manner somewhat similar to that employed in 
my paper already referred to. 

The first section contains the definition of the derivative of a function of 
a surface, the theorem mentioned above, and a proof that the derivative must 
vanish at every point of a surface which minimizes the given function. In § 2 

♦Presented to the American Mathematical Society, April 26, 1913. 

f Volterra, Atti della R. Academia dei Lincei, Ser. IV, Rend. IIIj, p. 97. 

J Fischer, American Journal of Mathematics, Vol. XXXV (1913), No. 4, p. 360. 
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the given function is taken as a double integral. Its derivative is found, and 
an application is made to the theory of maxima and minima of double integrals. 
In the remainder of the paper only those surfaces which give previously 
assigned values to a set of functions M^{S), M^{8), . . . ., M^{S) are consid- 
ered admissible. In § 3 it is proved that in the neighborhood of any admissible 
surface for which a certain determinant does not vanish, there are other admis- 
sible surfaces of the kind needed in finding the derivative of another function 
L{8) relative to this restricted set of surfaces. In § 4 this derivative is defined 
and the theorems of the first section are proved to. hold for the special set of 
surfaces also. In the last section all of the functions of surfaces considered 
are taken to be double integrals, and the results obtained in § 4 are applied to 
the isoperimetric problem of the theory of maxima and minima of double 
integrals. 

>§ 1. Definition of the Derivative and Volterra's Theorem. 

All of the functions of x and y considered in this paper will be defined 
over a region E in the x, tz-plane, and will be assumed to be of class C^''\* where 
r is an arbitrary positive integer. In the first part of this section if? will be 
taken as a rectangle defined by the ineqaialities a<x<b and c<y<d, but 
later this restriction will be removed and R will be an arbitrary closed region 
bounded by a curve of finite length. 

The surfaces 8 and 8^ will be frequently mentioned. They will be defined 
by the equations 

8 : s=z{x, y), 

8,: z=s{x,y)-\-y](x,y), 

where the function ^ (x, y) is assumed to have the following properties : It 
vanishes for all values of x and y outside of the region defined by the inequali- 
ties Xq — e<x<XQ-{-s and i/o — 6<«/<2/o+«> or as much of that region as is 
inside of B if the point (ic^, y^) happens to be on the boundary of R. Inside 
this region it has a permanent sign and is not identically zero. The absolute 
value of each of its partial derivatives up to and including those of order r 
is everywhere less than s, the function itself being considered as the partial 
derivative of order zero. 

The derivative of the function L{S) of the surface 8 can now be defined 
as follows : 7/ the limit 

L'{8;x„y,)=lim^d^^l^Lm 

e=0 U 

* Bolza, " Vorlesungen tlber Varlationsreehnung," p. 14. 



Fischeb: The Derivative of a Function of a Surface. 291 

exists uniquely, where a is defined hy the equation 

<y^St:±lSlltln{^,p)dydx, (1) 

then this limit is said to be the derivative of the function L{S) at the point 
{Xq, y^), and it is said to he approached with order r. 

It will be assumed that if 8 is any surface in a fixed neighborhood of order 
r of the surface 8, the function L{8) has the following property: For every 
S>0 there exists an e>0 independent of 8 and {x^, y„), such that the inequality 

LiS^)-L{8) _L.^S;x„y,)\<S 

is always satisfied. That is to say, the derivative is approached uniformly 
with order r in the neighborhood of the surface S. 

It will be assumed that for every S>0 there exists an £>0 independent 
of (Xq, 2/o) such that if ;S' is any surface in the neighborhood (e)^ of S, then 
the inequality 

\L'{S; Xq, y^)—L'{8; x^, y^) | <5 

is satisfied. That is to say, L'{8; x, y) is continuous with order r in the 
argument 8. It will also be assumed that L' {8 ; x, y) is a. continuous function 
of the variables x and y, and since the region R is closed, it is uniformly 
continuous. 

A family of surfaces will now be considered which is defined by the 
equation 

8^: z — z{x,y)-\-a{x,y,a), 

where the function ci{x, y, a) has the following properties: All of its partial 
derivatives with respect to x and y vanish identically in a at every point of the 
boundary of B. They also approach zero uniformly in x and y when a ap- 
proaches zero, and vanish when a — 0. If a numerically small constant value 
is given to a, the function 6>(a;, y, a) has a permanent sign. The deriv9,tive 
Oa(a;, y, 0) exists, is continuous and approached uniformly. 

The extension of Volterra's theorem, mentioned in the introduction, to 
functions of surfaces will be stated as follows: // the function L{S) and the 
surface Sa satisfy the assumptions given above, then the derivative of L(8a) 
with respect to the parameter a is given by the equation 

^liiM. =JS^L'{8; X, y)a>a{x, y, 0)dydx. 

da 1 a=« 

Select the constant e arbitrarily. Then divide the region R into n^ equal 
rectangles, calling their vertices (x^, «/,), where i and j have the range 0, 1, 2, 
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....-, n, and taking n so large that the dimensions of each rectangle are less 
than e. Evidently iPo= a, a3„ = fe, 2/0 = c, and t/„ = d. Now choose another positive 
constant h satisfying the equation nh{h — a + d — c)=e. A set of functions 
Bi{co), Qiix), . . . ., 0„(aj) will then be selected, satisfying the conditions 

Q.{x)=Q^ {a <Xi<Xi_.^ audi (iCi<x <h) , (i=l, 2, . . . ., «), 
0<Oi(a;) <1, {Xi^^<x<Xi_^-{-h and 0;^— /i < a? < a?,.) , 
e,{x)=l, (x,_,+h<x<x,—h). 

Another set of functions pi(y), 4>2(2/)> • • • •> ^n(p) will also be chosen which 
satisfy the analogous conditions. The surfaces S^^ will then be defined by the 
equations 

[t-I n j -1 

k=l 1=1 1=1 J 

{i,j = l, 2, ,n). 

For convenience in notation Si_^„ will sometimes be written Si^. 

After 8 and n have been chosen, it is possible to find a positive constant «<, 
such that if |al <ao the surfaces 8^^ will all be in the neighborhood (e), of S. 
Then /SV is the kind of varied surface used in forming the derivative 

and since it is assumed to be approached uniformly, the following equation is 
satisfied : 

L{S^:)-L{8) _ 



a 

i {.L'{8,,_,', x„ y,) +^,,]nUlUM<^)hiy) ^^^^^^^^^dydx, (2) 

where ^, the upper bound of | ^^^ \ , approaches zero with e. The derivatives 
L'{8ij_i; Xi, yj) may be taken at any points of the proper rectangles instead of 
at the corners, if desired. Since it is assumed to be continuous in the argu- 
ment 8,L'{8ij_^; x^y^) can be replaced by L'{S; Xf, y^). This changes the 
values of the quantities ^^^ but does not affect the property of their upper bound 
mentioned above. The double integral in the right member of equation (2) 
can be written 

r r ^-^^^ly^dydx- r r ll-e,{x)^,(y)]^^i^^li^dydx 
where — l<;i<l, and 



Fischer: The Derivative of a Function of a Surface. 293 



N> 



a{x,y,a) 



a 

The uniform approach to Wa(^> 2/> 0) implies the existence of such a constant N 
for ttfl sufficiently small. If a constant M is chosen, satisfying the inequalities 

M> \L'{8; x„ t/,.) +^,^1, {i, 3 = 1, 2, . . . ., n), 

the absolute value of the contribution of the last term of the right member of 
equation (3) to the value of the right member of equation (2) will be less than 
the quantity 2nhMN{b — a + d — c) =2MNs, which approaches zero with s. The 
absolute value of the sum of the terms involving ^^y is less than ^N{b — a) (d — c), 
which also approaches zero with s. The mean-value theorem implies that the 
equation 

is satisfied, wher0 {x\ , y'>) is a point in the rectangle over which the integra- 
tion takes place, and in accordance with the remark following equation (2) 
L'{S; (v'i, y'j) can be substituted for L' {S ; x^, y^) in that equation. It follows 
directly that the equation 

lim I^iSnn)-L{S) ^ j6 j-.2.'(fi'; X, y)co,{x, y, 0)dydx (4) 

e, a=0 a 

is satisfied. 

It remains to be proved that 

^^L{8^)-L{S„J ^Q^ (5) 

tj 0=0 (* 

By definition 8^ coincides with 8a, excepting over n+1 rectangles in the 
X, t/-plane whose dimensions are b — a and either h or 2h, and «-|-l other 
rectangles whose dimensions are either h or 2/i and d — c ; and wherever the 
surfaces meet, the contact is of order r. The overlapping of the two sets of 
rectangles has no effect on the work here. The following lemma is needed to 
establish equation (5) : 

If the surface 8^ is given by the equation 

8^: g=z(x,y)+ri(x,y,a), 
where the fxmction y!{x, y, a) vanishes identically over all of the region R 
excepting the rectangle (a<x<b; 2/0— ^<2/<2/o+^) where it has a permanent 
sign when a is kept constant, if there is a finite constant N satisfying the 
inequality 



a 
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and all of its partial derivatives with respect to x and y approacli zero uni- 
formly with a, then, for sufficiently small values of h and | a | , the inequality 



L{8,)-L{S) 



<4:hMN{h—a) (6) 



a 

is satisfied, where M is any constant greater than the upper bound of \L'{8; x,y) \. 
This can be proved as follows: Divide the interval {a,h'] into n equal 
parts, calling the points of division x^,x^, . . . . , x^_-^ . For convenience in nota- 
tion let XQ=^a and x^=h. Then a set of functions 4-1 (^), ^-aC^)* • • • •> 4'„-i(a7) 
can be found which satisfy the conditions 

i>,{x) =1, {a<x<x,), (i=l, 2, . . . ., n-1), 
Q<-4>,{x)<l, {x,<x<x,^^), 
^,{x)=Q, (x,+,<x<b). 

Then the surfaces 8^^, S^, . . . ., -S'„_i will be defined by the equations 

8^: z = s{x,y)-\-^i^i{x)yi{x,y,a), (*==1, 2, ,n—l), 

and for convenience in notation let 8^=8 and 8„=8,^. It follows from the 
definition of the derivative of a surface that 

n=oo 

Since this derivative is continuous and approached uniformly, the equation 

L{8,)-Li8) ^ J ^^,^^. ^^^ ^^^ -i-^,]S'TJl:±liUo^)-^i-ii<^)] Idydx 
a, i-\ <* 

is satisfied, where the upper bound of | ^^ | approaches zero with h and a. By 
definition {"^lix) — -^i^^ix) |<1, and for sufficiently small values of h and a 

\L'{8; x„ y,) -1-^,1 <M, (i-1, 2, . . . ., n), 

and 



yi{x, y, a) 



a. 



<N. 



The sum of the areas over which the integration takes place is 4/j(& — a). If 
their upper bounds are substituted for the respective functions in the last equa- 
tion, it establishes the inequality (6). 

If the equation of 8,^ is now taken to be 

n 

s=z{x, 2/) + 20i(a;)6)(a;, y, a), 
1=1 

and the surface ;iS'„„ is taken instead of 8, the function yi{x, y, a) becomes 
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1—2 <?>,(«/) 20i(^)6)(a?, t/, a), 

which vanishes excepting in the w + 1 rectangles {a<x<h] y^ — h<y<y.j-\-h), 
(ji = 0, 1, . . . . 1 n) . Since the rest of the hypothesis of the lemma is satisfied, 
if it is applied n-{-l times it will give the inequality 

a 
If the surface 8a is taken instead of 8, the function ')^{x, y, a) will become 



<4:h{n+l)MN{h—a). (7) 



2 0i(a;)— 1 L(a;, y, a), 



which vanishes excepting in the rectangles (aj^ — UkkKx^+Ji; c<y<d), (i = 0, 
1, 2, . . . ., %). Since the proof of the lemma is not affected by interchanging 
X and y and replacing a and h by c and d, the inequality 

L{8,)-L{8a) 



a 



<4h{n+l)MN{d—c) (8) 



=SSbL'{8; x,y)aa{x,y,0)dydx. (9) 



is also satisfied for small values of h and |a|. Inequalities (7) and (8) can 
be combined, giving the inequality 

L{8a)~L{8^J I ^4^h(^n+l)MNib—a + d—c) <4:MNe+4:hMN{h—a+d—c). 
a I 

Since the right member of the last inequality approaches zero with s, equation 
(4) may be replaced by the equation 

dL{8a) 
da. 

The assumption that the region jB be a rectangle is not essential. If it is 
any region bounded by a curve of finite length, a suitable rectangle R' can be 
circumscribed about it, and the function z{x, y) defined arbitrarily and « (re, y, a) 
taken as identically zero over the part of R' not included in R. If the function 
L{8) is defined in such a way that it depends for its value only on that part of 
8 whose projection on the x, «/-plane is R, the derivative L'(/S'; x, y) will van- 
ish everywhere outside of R. The fact that it may be discontinuous at the 
boundary of R will have no effect on the proof of the above theorem. The 
theorem states that equation (9) would hold with R' substituted for R, and 
therefore it holds as it stands. 

It will now be proved that if the surface 8 and the function L{8) satisfy 
the hypothesis of the last theorem and the surface 8 minimizes the function 
L{8), then the derivative L'{8; x, y) must vanish at every point of the region 
37 
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R. Suppose there is a point {Xq , y^) where the derivative is positive. Then, 
since it is continuous, there is a finite region including the point {x^, «/<,) where 
it is also positive. The function ai{x, y, a,) can be chosen in such a way that 
its partial derivative aa{x, y, 0) will be positive in this region and zero every- 
where else. Then equation (9) will imply that 



da 



a=0 



>o, 



and the surface 8 will not minimize the function L{8). If there is a point 
where the derivative is negative, the argument is essentially the same. 

§ 2. The Derivative of a Double Integral. 

The function L{8) will now be taken as a double integral, and the first 
necessary condition for a minimum as proved by Lagrange * will be found to 
be a special case of the last theorem of the preceding section. The arbitrary 
integer r 'which designates the order of the approach to the derivative will be 
taken as 2 in this section. 

Let 

I'i^) =SSBf{^, y, ^, P, q)dydx, 

where f{x, y, z, p, q) is of class C^^^ in the neighborhood of values of the 
argmnents determined by the surface 8. The letters p and q represent the 
partial derivatives of s with respect to x and y. Choose a function yjix, y) as 
in § 1. Then, by definition, 

L{8,)—L{8)=§li1^pyl1^[f{x,y,z+Yi,p-\-nx,q+ny)—f{3c,y,z,p,q)}dydx. (10) 

If the integrand of this expression is expanded by Taylor's formula, it becomes 

f,{x, y, z + dyj, p + Qyi,,, q-\-Byiy)v + fp'n^ + fg'ny, 

where is a constant between and 1. It follows from Green's theorem,t and 
the vanishing oi yi{x, y) along L, the boundary of the region over which the 
integral is taken, that the equation 

f ^SMLdydx = SJ^y;dy = 

«o— e ^Vo—e OX 

is satisfied, and consequently the equation 

1 f^yixdydx = — I I -^Yidydx. (11) 

Similarly 

* Bolza, loc. cit., p. 655. f Bolza, loo. cit., p. 654. 
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I fqYiydydx=— ) M-Yidpdx. (12) 

«o-E "^S/o-f *^Xo-e ^Vo-e Oy 

If equations (11) and (12) are substituted in the expanded form of equation 
(10), it becomes 

Since >? (x, y) has a permanent sign, the mean-value theorem can be applied to 
the right member of this equation, reducing it to the form 

where the arguments of the partial derivatives of / are iCo+Xe, 2/o+/"f>"^(^o+'^f> 
2/o+/we)+^>?(a?o+Xe, ^/o+Fs), P + ^^Ixj and q + Oviy, and a is defined by equation 
(1). The value of the derivative is then seen to be 

L'{8', Xo,yo)=f^{Xf,,yo,zix^,yo), p{x^, y^), q{x^, ^o)) — ^ — ^- 

It follows from the assumed continuity of the functions s{x, y) and f{x, y, z, 
p, q) that L'(S; x, y) is continuous and approached uniformly with order 2. 
Therefore the Lagrange equation, 

'' dx dy ' 
is equivalent to the equation 

L'i8',x,y)=0. 

§ 3. The Set of Surfaces K. 

In this section there will be given m functions M^{S), M^iS), . . . ., M^{S) 
whose derivatives are continuous and approached uniformly with order r in a 
neighborhood of order r of the surface S. It will be assumed that there are 
some points (x.^, y^), {x^, y^), ■ ■ - -, (a?^, ym) ^^ the region R which satisfy the 
inequality 

M'^(S;x„y,) 

{i, i=l, 2, , m) 

A surface S will be said to belong to the set K if it satisfies the equations 

M,{S)-M,iS)^0, (i = l, 2, . . . .,m). 

It will now be proved that for every e>0 there exists a 5>0, which will 
always be taken as less than or equal to s, for which the following statement 
is true: If yjix, y) is any function all of whose partial derivatives up to and 



^0. (13) 
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including those of order r are everywhere less than h in absolute value, and 
vanish along the boundary of B, then there is a set of functions yi^{x, y), 
r,^{x, y), . . . ., yim{x, y) all of whose partial derivatives, up to and including 
those of order r, are everywhere less than e in absolute value, such that >7i(^> v) 
vanishes identically excepting in the region {x^ — e<x<x.-\-e; y^ — e<y<yi+e), 
where it has a permanent sign, and the surface 

m 

8^'. z = zix,y)+yi{x,y)-\-^yi,{x,y) (14) 

i=l 

belongs to the set K. 

A set of functions ^{(x, y) can readily be found which vanish excepting 
in the specified regions where they have a permanent sign, and whose deriva- 
tives are numerically less than e. Then it must merely be proved that there 
is a set of multipliers aj , ag , . . . . , a„ , each numerically less than unity, such 
that the surface 

Si: s^s{x,y)+XaiV!^{x,y) (15) 

belongs to the set K. Then the multipliers a^ can be absorbed into the func- 
tions >7i(rc, y) and the surface S^ written S^. 
The determinant 

SZ±lfl:±lM;{S; X, y)Y,,{x, y)dydx 
{i, j = l, 2, , m) 



(16) 



must be considered. If the mean-value theorem is applied to each element, it 
can be reduced to the form 

M'iiS;x,^,y,^) 
{i, j=l, 2, , m) 



ns:i±isii±ivi{^,p)dydx 



i=l 



where (x^j, y^^) is some point in the proper region. It follows from inequality 
(13) and the assumed continuity of the derivatives M'j{S) x, y) that for suffi- 
ciently small values of e this determinant can not vanish, and only such values 
of e need be considered. 

If E and the functions nA^, y) are considered as fixed, the expressions 
^j(Sm) — ^ji/S) ^^^ completely determined by the function viix, y) and the 
parameters a^ , aj ,...., a^ , and may be represented by the equations 

M^{8i)—M^{S)=q,^{H', a,, a^, . . . ., aj, (i = l, 2, . . . ., m), 

where H represents the surface in the x, y, >7-space whose equation is 



Fischee: The Derivative of a Function of a Surface. 299 

>7=)7(ir, «/). The surface whose equation is >7 = will be called Hq. The 
following equations come directly from the principal theorem of § 1 : 

d ^{B',a„a„....,aJ ^J^.+^J^.+ej^.^^^. ^^ ^)^^(^^ y)dydx, (17) 

(*, i = l, 2, , w) ; 

and the determinant 

a<?>,(go;0,0,....,0) 



3a,. 
(i, i = l, 2, , m) 

is equal to the determinant (16), which can not vanish. The functions ^j{H, 
tti, ttg, . . . ., a^) and their partial derivatives given by equations (17) are seen 
to be continuous in all arguments in the neighborhood of (Hq; 0, 0, . . . ., 0). 
Thus the hypothesis of an existence theorem in the paper entitled **A General- 
ization of Volterra's Derivative of a Function of a Curve," * mentioned in the 
introduction, is satisfied. The fact that H now represents a surface instead of 
a curve has no "effect on the proof of this theorem. The conclusion of this 
existence theorem is that for every e > sufficiently small there is a S > such 
that to every admissible function y; {x, y) there corresponds a unique set of 
constants a^, a^, . . . ., a^, each numerically less than unity, which satisfy the 
equations 

q>j{H; tti, ttg, , a^)=0, (i = l, 2, , w). 

The surface 8'^ then belongs to the set K. It is evident^ that if a 5 is effective 
for a particular value of s, as e^ , it is also effective for every value of e greater 
than Sq, since the functions ^{{x, y) can be taken identically zero over as much 
of the regions {x^ — e<a;<«^+e; ^/f — s<y<yi-\-s) as is desired, provided they 
are different from zero in a part of each. 

<^ 4. The Derivative Relative to the Set K. 

The derivative L' {S; x, y, x-^, y-^, • • • ., aj^j 2/m) of the function L{S) rela- 
tive to the set of surfaces K can now be defined, and evaluated in terms of the 
derivatives L'(S; x, y) , M[{8 ; x, y) , . . . ., M'^{S; x, y), if they are continuous 
and approached unformly with any finite order r. 

The function vi{x, y) discussed in the preceding section will be restricted 
by the additional condition that it vanish identically excepting in the region 
(iCo — E<x<x^-\-e; y^ — c<2/<2/o+f)> where it has a permanent sign and is not 
identically zero. Then the limit 

* Fischer, loc. cit., p. 373. 
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L'iS; Xq, y^\x^,y^, , x^, yj = lim '^>~ ^ > 

will he called the derivative of the function L{8) at the point (x^,, ^o), relative 
to the set of surfaces K and the points {x^, y^), {x^, y^), ... ., {x^, y^). The 
integral a and the surface 8^ have already been defined by equations (1) and 
(14). 

This derivative can be evaluated as follows : Define the surfaces 8^, S^, 
. . . ., 8^_i by the equations 

8o: z=s{x,y)+tj{x,y)\ 

i 

Si'. z=s{x,y)i-y](x,y)+2yi^{x,y), (*=1, 2, , m—1) ; 

and for convenience in the notation let 

(y,=Sll-ePyl-eni{(^, y)dydx, (i=l, 2, . . . ., m). 
Then the derivative may be written in the form 

^.r L{8,)-L{8) ^^Li8,)-Li8,_,) a,l 

which is easily reduced to the equation 

L'iS; Xo, y^; 00i,y^, , x^, yj = 

L'iS; x„ y,)+lL'{8; x„ y,)lim^-i. (18) 

It is now necessary to evaluate the expressions 

lim^. 

£=0 O 

Since -S'„ belongs to the set K, the equations 

MAM^Mii^^O, (i=l,2,....,m), 
are always satisfied. If s is made to approach zero, they become 

M',{8; Xo, 2/0) + ^M'^{8; x„ y,) lim ^ =0, (j=l, 2, . . . . , w). 

The determinant of the coefficients of lim 0^/0 is not zero, and therefore the 
solution is unique. Solving for these limits and substituting their values in 
equation (18), it becomes 
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L'iS', Xo, 2/0; x^, Vx, , a?^, yJ=L'{8;x^, y^) — 

M'i(8;x„y,) . .M[i8 ; Xj,_^,y^_,)M[iS ; x„y,) . .M[{8;x^,yJ 
M'z{S',x„y^) . .M'^(S;x„_^,y^_^)M'z(8;Xo,yo) . .M'^{8; x^,yj 



XL'('8',x„y,) 



M:,i8;x„y,) Mi{8',x^ , yj 



M'ji8;x„y,) 

{i, j=l, 2, ,m) 

This may be written either in the form 

m 

L'(S; x^, 2/0; 00^, 2/1, , a?^, yJ=L'(8; x^, yo)-\- I.\M'j,{8', x„, «/„), (19) 

where the quantities ^i, \, . . . ., ^^ are defined by the equations 

L'i8;x,,y,) L'{8;x^,y^) L'{8;x^,yJ 

M[{S;x,,y,) M[(8;x^,y^).... M[{S',x^,yJ 

Mi_,iS; X,, yi)Mi_,{8; x^,y^)... .M'„_,(8; x^, yJ 
Mk+xi8; x^,y,)MUji8', x^, y^) M;+i(iS; x^, yJ 



\={-iy 



or in the form 

M'i(8;x„y,) 
(i,j = l, 2, , m) 



M:,{8;x^,y,) M;,{8;x^,y^)'.... Mi{8;x^,yJ 



M',{8;Xi,y,) 
(i, j = l, 2, , m) 



L'{8;x„,y^;Xi,y^, , «?„, 2/^) 



(20) 



L'{8; Xo, 2/0) L'{8; x^, yJ U{8; x^, yJ 

M',i8; x^, yo) M[{8; x,, y,) . . . . M[{8 ; x^, yJ 
M'A8; Xo, yo) M'^{8; x„ y,) . . . . M'^{8; x^, yJ 



(21) 



MLi8; Xo, yo)Mi{8; x,,y,)... .M:,{8; x^, yJ 

Since L' (8 ; x, y) , M[(8 ; x, y) , . . . ., M'^ (8 ; x, y) are continuous and approached 
uniformly with order r, L'{8; x, y; x^, y^, . . . ., x^, yJ) is also. 

The following equations, which will be used later, follow immediately from 
equation (21) : 

L'{8; x^, y^; x^, y^, , x^, yJ^O, (* = 1, 2, , m). 

The extension of Volterra's theorem proved in § 1 can readily be proved 
for the case where only surfaces of the set K are considered. Suppose that the 
one-parameter family of surfaces 
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Sal z — z{x,y)+G){x,y,a) 

discussed in § 1 belongs to the set K. Then it follows from equation (9) that 

SSiiL'iS; X, y)coa{x, y, 0)dydx, (22) 



7 
dM^iSa) 



da 
and similarly 



0=0 



da 



=SSnM'i{8- x,y)a,{x,y,Q)dydx, (j = l, 2, . . . ., m). (23) 

a=0 

The left members of equation (23) must vanish since Sa belongs to the set K. 
If the right members are multiplied by X^ , Xg , . . . . , Xm respectively, equated 
to zero, and added to the right member of equation (22), it becomes 

— ^~- ^ =//fi^'('^; X, P; ^1, Vi, , ^m^ Pm)(^a(x, V, 0) dydx. (24) 

It will now be proved that if the surface 8 minimizes the function L{S) 
relative to the set of surfaces K, then the derivative L' (S ; x, y; x^, y^^, . . . ., 
^m > 2/m) must vanish for all values of x and y in the region R. 

Suppose that there is a point (a;^, y^) where it does not vanish, and to fix 
ideas, suppose that it is positive at (x^ , ^/o) • Then, since the derivative is con- 
tinuous, two positive constants h and k can be found such that the inequality 

L'(S;x,y;x^,y^, , 00,^1 PJ>1<^ (25) 

is satisfied at every point in the region (x^ — h,<x<XQ-\-Ji', y^ — ^S^S^o+^)- 
Since the derivative vanishes at each of the points {x^,yi), {oo^^iy^,), ■■.., 
i^mf 2/m)> fo^ every S>0 there exists an e>0 such that the inequality 

\L'{8;x,y;x^,y,, ,a;„,S/m)l<^ (26) 

is satisfied at every point in each of the regions 

{Xi—s<x<Xi+s', yi—6<y<yi+6), {i=l, 2, , m). 

Select a function ^^{x, y) which vanishes at all points outside of the region 
{Xq — h<x<XQ-\-h; 2/0 — h<y<yf,-\-h), where it is positive, and m functions 
Vii^7 y) which vanish at all points outside of the respective regions (rr^- — e< 
x<Xi-\-e', yi—e<y<yi+B), where they are positive. Then it follows from the 
proof of the existence theorem of '§,3, that if e is taken sufficiently small, for 
every value of a numerically less than a fixed positive number, there exists a 
unique set of numbers aj , ag , . . . . , a^ , each numerically less than another fixed 
number, such that the surface 

m 

8a: z = s{x,y)+aYi{x,y) + l,aiYii{x,y) 
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belongs to the set K. The function ci{x, y, a) will now be defined by the 
equation 

a{x, y, a)=aYi{x, «/) + 2 «.•>?<(«, y) . (27) 

As the existence of the partial derivative aa{x, y, 0) can not be easily proved, 
the assumption that it exists will be replaced by the less exacting assumption 
that there is a constant N, such that the inequality 



cojx, y, a) 



a 



<N (28) 



is satisfied, for all numerically small values of a. This necessitates some 
changes in the statement and proof of the extension of Volterra's theorem. 
Equation (4) must be replaced by the equation 

lim l I^i^:nn)-L{S) _ pj.^' (S ; X, y) ^^^^2^L^ dydxl =0, 
and equation (9) by the equation 

0=0 L <* '«• J 

The proof of the theorem will then be valid. In the present sectioh equations 
(22) and (23) must be replaced by the equations 



ahd 



lim[ ^^^<^^-^^^^ -SS.L'{8; X, v)'^i^^2^i^dydx'\ =0, (29) 

a=0 L Ot <* J 



lirJ EA^AzzM^ -ShM',{8; x, y) "<^' ^' «> dydx'\=0, (30) 

0=0 L <* <* J 

(i = l, 2, , m). 

Since the surface Sa belongs to the set K, equations (30) may be written 

lim SSr^'^S; X, y)'^i^^hJt^dydx=Q, U = h 2, . . . ., m). (31) 



0=0 «• 



If equations (31) are multiplied by /Ij, \, ...., X^, respectively, and sub- 
tracted from equation (29), it becomes by virtue of equation (19) 

0=0 L a 

—SSb^' iS;^,y',^iyyi, — y^m, yJ " '^f'°^ dydx\ = o, (32) 

which is the desired generalization of equation (24). 
38 
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It will next be proved that if the function (<)(«, y, a) is defined by Equation 
(27) a constant N must exist, satisfying inequality (28). Let 

S^: s=s{x,y)+ari{x,y), 

i 

Sii z=z{x,y)+avi{os,y)+l,a^y;^{x,y), (*=1, 2, ,m). 

Then, since 8^ , which is the same as Sg, , belongs to the set K, the equations 

a a i=i a^ a 

are satisfied, where Cj , Cg ,...., 0^ are defined by the equations 

o,=p4llSn-e(^iVAoo, y)dyclx. 

When e and a both approach zero, the determinant of the coefficients of 0^ /a 
approaches the determinant (13) uniformly, and therefore it can not vanish if 
ja] and e are sufficiently small. The terms l/a[Mj(S'(,) — M,(<S)] approach 
finite limits as a approaches zero. Thus a constant N', independent of s and 
a, can be found, such that, if e is given aijy value less than a fixed positive 
constant and then a is taken less numerically than another constant, then the 
inequalities 1 c^ /a [ < F' will be satisfied. Since the expressions 

^=S%\^\Sl\^\nMy)dydx 

are positive and independent of a, the ratios a^/a do not become infinite as a 
approaches zero ; and if u (a;, y, a) is defined by equation (27) , a constant 2V can 
be found satisfying equation (28). Since N is not independent of e, it will be 
better to use A""' in what follows. 

Equation (32) may now be written 

L{8g)-L{8) =j-^«+^j-.oi*/y(^. ^, y. ^^^y^^ . . . .^ ^^, yjvdydx 

+ lSl\l\Sl\t!.L'{8; X, y- x„ y„ ...., x^,yj^^dydx+^ia), 

where ^(a) approaches zero with a. It follows from this equation and inequal- 
ities (25) and (26) that the inequality 

L{8,)~L{8) >]cSt:±Ul:tUdydx~mN'^-\Ha) \ 
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is satisfied. Since the first term of the right member is positive and inde- 
pendent of h, e, and a, if S is taken sufficiently small the inequality 

Li8^)-L{S) ^Q 
a 

is satisfied for small values of a both positive and negative. Therefore the 
surface S does not minimize the function L{8). If L'{8; x^, p^', x^, y^, . . . ., 
^m > 2/m) were negative, the argument would be essentially the same. 

The quantities \, \, . . . ., 7^,^ defined by equations (20) are functions of 
the 2m arguments ajj , 2/1 > • • • •> ^m> 2/m5 ^^^ in the special case where the deriv- 
ative vanishes identically, they are constants, as can be proved as follows: 
Let x[,y'i, . . . . , aj^ , «/m he a fixed set of values for iCj , t/j , . . . .,x^, y^, and let 
those letters without accents be considered as variables. Then the equations 

L'{8; x'i, y'i; x^, y^, , x^, yj = 

m 

L'{8; x\, y\)^^\{x^, y^, , x^, yJM]{8; x\, y'i)=0, 

3=1 

{i = l, 2, ,m), 

are satisfied identically. Comparing the solutions of these equations with 
equations (20), it is evident that 

That is, \,\, . . . ., ^^ are constants. 

■^ 5. The Derivative of a Double Integral Relative to the 8et K. 
If the functions L{8), M-^{8), . . . ., M^{8) are defined by the equations 
L{8)^§SRf{<^^y^^^P^Q.)dydx, (33) 

M^{8) =Shffii^> y^ ^' P^ q)dydx, (i = l, 2, , m), (34) 

where z{x, y), f{x, y, z, p, q) and g^ix, y, z, p, q) are of class G^^^, and the 
determinant (13) is distinct from zero, the derivative of L{8) with respect to 
the restricted set of surfaces is given by the equation 

L'i8',x,y;x,,y„ • ■ • -, <^r., yra)=f-Q-^-^ + ^^.i\_9i-^ — -^f \, (35) 

where the arguments of the partial derivatives of / and gj are x, y, z{x, y), 
p{x, y), q{x, y), and the coefficients \,\, . . . .,%^ are defined by the equations 
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\=i-iy 



L dx dyJ^LVi ' L 9a; dyjz^,y 

U'" ~dx dy \.,,„. 



U'' dx dy\.„,y„ 



l^"-'' dx dy J..,,/' 

L^*+^^ ace 3.1/ J..,.," 



[ 



a^, 



h — \p 



^9h 



dx 



dy 






^'+'' dx dy }.„,y„ 



l^^" dx dyA^,v:" U""' 



dgmp dg. 



dx dy J»i,?/i L ' dx dy 






L^;- 



^9jv ^gj 



Axi,i 



dx dy Axi, vi 
(ij—l, 2, , m) 

The right member of equation (35) equated to zero constitutes the first neces- 
sary condition that the surface 8 minimize the double integral (33) relative to 
the surfaces which give fixed values to the integrals (34). 
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